We study quintessence-driven, spatially flat, expanding FRW cosmologies that arise naturally from string theory formulated in a supercritical number of spacetime dimensions. The treelevel potential of the string theory produces an equation of state at the threshold between accelerating and decelerating cosmologies, and the resulting spacetime is globally conformally equivalent to Minkowski space. We demonstrate that exact solutions exist with a condensate of the closed-string tachyon, the simplest of which is a Liouville wall moving at the speed of light. We rely on the existence of this solution to derive constraints on the couplings of the tachyon to the dilaton and metric in the string theory effective action. In particular, we show that the tachyon dependence of the Einstein term must be nontrivial.
Introduction
String theory formulated in a supercritical number of spacetime dimensions provides a natural setting for the study of time-dependent backgrounds in gravitational physics. The simplest classical solutions of supercritical string theory exhibit a string-frame metric that is flat and a dilaton that has a timelike gradient proportional to √ D − D crit , where D crit is the critical number of spacetime dimensions of the theory: 26 for the bosonic string or 10 for the superstring. In this paper we describe these theories in the language of an expanding FRW cosmology driven by quintessence. (Other studies along these lines can be found in [1] [2] [3] [4] , for example. Recent work also includes [5, 6] .) Quintessent cosmologies are defined by an equation of state w ≡ p/ρ taking some fractional negative value not less than −1. (Situations with w < −1 are forbidden by the null energy condition.) In four dimensions, an interesting range of state equations for cosmologists to consider is −1 ≤ w < −1/3: in this range the scale factor a(t) of the FRW universe accelerates as a function of the proper time t measured by static observers (we refer to this as FRW time). The simplest way to generate models of quintessence is to adopt a matter system described by a single, real scalar field entering the action with a canonical kinetic term and an exponential potential,
with positive coefficient c > 0. The value of γ in the exponent determines the equation of state w for the theory.
String theory provides several ways of obtaining exponential potentials for scalar fields.
The most straightforward is via the tree-level potential for the dilaton that arises in string theories formulated in D = D crit spacetime dimensions. In particular, c is positive for D > D crit . 1 The resulting theories are characterized as timelike linear dilaton backgrounds, and they exhibit an extremely simple set of quintessent cosmologies that can be analyzed using worldsheet techniques. 2 We should note, however, that the point here is not to suggest that the timelike linear dilaton theory in D dimensions is, by itself, a phenomenologically 1 For D = D crit , the tree-level potential vanishes in the absence of flux or curvature, while for D < D crit , the sign of this potential is negative and the FRW constraint equation cannot be satisfied for a spatially flat universe. 2 One of the conclusions of [7] was that the absence of well-defined observables at late times can cause trouble for the interpretation of cosmologies characterized by w < w crit . However, backgrounds that asymp-accurate model of cosmology. We merely intend to demonstrate that string theory can generate simple time-dependent models of rolling massless scalars with flat potentials.
In our next section we study the timelike linear dilaton background in D dimensions from a cosmological perspective: this analysis, in essence, generalizes the presentation in [7] to arbitrary dimension. We demonstrate that the critical equation of state w crit , above which the universe ceases to accelerate, depends on the number of background dimensions D. In turn, the global causal structure of the spacetime depends on the value of w relative to w crit .
We also introduce the spacetime effective action and analyze the physics of small fluctuations about a quintessent background, showing that the cosmology is stable under perturbations of massless modes. This section is intended to describe many established facts about the supercritical string in a framework that we hope may be useful, or at least interesting, to cosmologists.
In Section 3 we turn to a worldsheet analysis of the supercritical string. The quintessent cosmological background is unstable against perturbations of a tachyon, 3 analogous to the Poincaré-invariant background of the critical string. We demonstrate that, for the supercritical string, there are certain exact solutions for which the tachyon is non-zero. The simplest of these solutions is a 'bubble of nothing' that destroys the spacetime from within, exhibiting behavior similar to that of the Witten solution of [8] . (Other connections between bulk closed-string tachyon condensation and the Witten instanton have been proposed in [9] [10] [11] [12] [13] [14] [15] [16] [17] .)
Relying on worldsheet techniques, we show that these solutions are in fact exact to all orders, and nonperturbatively, in α ′ . The existence of such solutions implies constraints on the terms appearing in the effective action, and consistency demands nontrivial tachyon dependence of the Einstein term.
In the final section we discuss our conclusions and describe how our work might be extended. We leave a detailed analysis of the exactly solvable worldsheet theory to a separate paper.
Upon completion of this work, we learned of a paper in preparation [18] that addresses issues related to supercritical string theory. Specifically, the authors of [18] analyze the spacetime physics of the timelike linear dilaton background as a quintessent FRW cosmology, and come to conclusions consistent with our own.
tote to timelike linear dilaton theories exhibit well-defined final states described by a Hilbert space of free particles. 3 In a generic number of dimensions, tachyon-free timelike linear dilaton theories do not exist.
Timelike linear dilaton theories as quintessent cosmology
Timelike linear dilaton theories are really quintessent cosmologies. This observation is typically obscured by the fact that the string sigma model is naturally described in terms of the string-frame metric rather than the Einstein metric (the two are related by a conformal transformation). The Einstein metric G (E) µν is, by definition, the metric whose Ricci scalar R (E) appears multiplied by a field-independent coefficient in the action:
(2.1) (We will use the labels (S) and (E) to denote string and Einstein frame, respectively, and the gravitational coupling κ is related to the Newton constant by G N = κ 2 8π .) Alternatively, the string-frame metric G (S) µν is the metric whose Ricci scalar R (S) enters the action multiplied by an exponential of the worldsheet dilaton Φ:
2)
The precise relation between the two constitutes a Weyl transformation depending on the dilaton:
In this section we aim to study such theories, paying particular attention to the dependence of various cosmological properties on the number of spacetime dimensions. We will restrict attention to cases for which homogeneous spacelike hypersurfaces are flat (in other words, cases for which k = 0). Among other reasons, this allows us to adopt models of the universe that we may assume have undergone significant periods of inflation.
Quintessent cosmologies with scalar fields
We first solve the equations of motion in quintessent cosmological backgrounds in D spacetime dimensions. For this, one may closely follow the treatment in [7] . The metric for a spatially flat (k = 0) FRW cosmology is
where i = 1, · · · , D − 1. With the definition w ≡ p/ρ, the equation of motion for the scale factor a(t) isä
(At this stage we are not assuming that w is independent of time.) The constraint equation appears as
where H is the Hubble constant H ≡ȧ/a. The matter content of the theory is taken to be a real scalar field φ with Lagrangian
This yields the following stress tensor (respectively, the energy density and pressure):
With this input, the constraint equation becomeṡ
We assume here that the Einstein term is to remain canonical 12) and, if the scalar field respects the (D − 1)-dimensional Poincaré symmetries of the k = 0 spatial slices, the equation of motion for φ becomes
At this point, we adopt the ansatz that our solution exhibits a constant equation of state w. It follows thatφ 2 , H 2 and V all scale as t −2 , so we find the general expressions
for some α, λ. From the fact that V scales as c(t 1 /t) 2 , we conclude that
Subjecting V (as a function of time) to the restriction of constant equation of state yields
It follows that the constraint equation implies
To solve for α, we differentiate Eqn. (2.9) with respect to time and use Eqns. (2.13) and
This can be integrated to yield
.
(2.19)
To fix ρ 0 , we evaluate the constraint equation at t 0 and require that ρ = ρ 0 at time t 0 , which gives
(2.20)
Finally, we substitute Eqn. (2.19) into the constraint equation. This amounts to a direct relation betweenȧ and a, which can again be integrated to yield the following:
,
Because c > 0, the energy density ρ is positive-definite, and the cosmological scale a accelerates as a function of FRW time if (and only if) −1 ≤ w < w crit , where
The global causal structure of the solution depends on whether w is less than, greater than, or equal to the critical value w crit . The spatial slice t = 0 defines a singularity in all three cases. The precise nature of this singularity and the nature of the asymptotic future t → +∞, however, depend on the state equation of the cosmology.
To investigate these issues in greater detail, we begin by demonstrating the coordinate transformation that puts the metric in canonical form for a conformally flat spacetime. In FRW coordinates, we have
Working by analogy from [7] , we define a new time coordinatet via the equation
(2.24)
In these coordinates, the metric takes the form
where we have defined
(2.26)
In an accelerating universe, the combination
is negative, and the range oft ist ∈ (−∞, 0). The initial singularity occurs att = −∞, and the infinite future lies att = 0. Alternatively, the combination above is positive for a decelerating cosmology, andt spans the ranget ∈ (0, ∞). In this latter case the initial singularity occurs att = 0, and the infinite future is located att = +∞.
For the sake of completeness, we will briefly summarize the structures of the Penrose diagrams appearing for the various ranges of w described above. To construct these diagrams, one ignores the (D − 2)-sphere fibered over each diagram and conformally compactifies the (r, t) plane using the transformation
In these coordinates, the metric on the (r, t) plane becomes
(2.29)
For −1 < w < w crit , the constant ∆ is negative and the range of the τ and χ coordinates is
For w > w crit , the quantity ∆ becomes positive and we have τ ∈ [0, π] , χ ∈ [0, π − τ ] , (decelerating universe).
(2.31)
In the decelerating case, the state equation lies in the range w < w crit , and it is easy to see that the spatial slice t = 0 is an ordinary, spacelike Big-Bang singularity with divergent scalar curvature (for w = −1). In addition, future infinity is null, as it is in ordinary Minkowski space. This structure is depicted in detail in Fig. 1 .
In the accelerating case (−1 < w < w crit ), the singular hypersurface at t = 0 is null, in the sense that it is diagonal on a Penrose diagram and all invariants on the slice that can be constructed from the Einstein metric are vanishing. However, invariants involving the scalar field do become singular at t = 0, so the singularity is not null in any physically meaningful sense. Future infinity is spacelike in this range, and all but one point of the future boundary of the Penrose diagram is obscured from the view of any observer by a horizon [7] .
In particular, static observers see an apparent horizon at a proper distance
32)
Past spacelike singularity Future (τ,χ) = (0,π) (τ,χ) = (0,0) (τ,χ) = (π,0) null infinity Figure 1 : Penrose diagram of the decelerating universe (w < w crit ). The initial singularity is spacelike, and the future boundary is null.
This horizon recedes at a fixed proper speed, which increases to the speed of light as w approaches w crit from below. This is depicted in Fig. 2 . (For w ≥ w crit there is no apparent horizon.)
The liminal case w = w crit is a hybrid of the two, with a null initial singularity and a null future infinity; the Penrose diagram for this configuration is depicted in Fig. 3 . In fact, the liminal quintessent solution is globally conformally equivalent to Minkowski space, and we will find a simple way to understand this fact in our stringy models.
Spacetime effective action for supercritical string theory
We now introduce the spacetime effective action for string theory formulated in a supercritical number of spacetime dimensions. Although we restrict our attention to the bosonic string, most of the discussion applies to the various closed superstring theories as well. The exact effective action of any string theory is typically a complicated expression involving nonrenormalizable interactions of arbitrarily high dimension. Much of the qualitative physics of string theory, however, is captured by the dynamics of the effective action for light fields, truncated to terms with few derivatives.
For the bosonic string in D > 26, the effective action for the metric and dilaton appears as
Higher dimension terms are understood to be dropped: such terms in the tree-level action are suppressed by powers of α ′ = 1/(2πT string ), where T string is the fundamental string tension.
Note that the action in Eqn. (2.33) is written in terms of the string-frame metric G (S) µν . We may rewrite the action in terms of the Einstein metric using the field redefinition in
the scalar field appears canonically, and we obtain the following form:
We note that this is the action for a quintessent cosmology, taking the same form as
Eqns. (2.7, 2.12) above, with coefficients now defined by the following values: 
The tree-level potential of the string theory thus gives rise to an equation of state at the boundary between accelerating and decelerating cosmological backgrounds. As we have seen above, the resulting spacetime is globally conformally equivalent to Minkowski space.
In retrospect, it is inevitable that this should be the case. The worldsheet theory of the string in the timelike linear dilaton background is defined to have a target space with string frame metric η µν , and coordinates X µ that are infinite in extent. A spacetime potential that encodes the worldsheet physics consistently must therefore produce a solution for which the metric has those features. The equation of state w = − D−3 D−1 is the unique value allowing such a solution.
One important point is that w is negative for any D ≥ 4. The matter and radiation equations of state are always w mat = 0 and w rad = +1/(D−1), respectively. Both components have nonnegative w, but the component of the stress tensor with the most negative value of w always dominates the evolution of the universe at large scale factor. This means that particle production at early times never changes the late time behavior of the solution.
The general quintessent FRW solution to this system appears as
In terms of the original dilaton field Φ, this solution takes the following form:
Since the background metric is conformally flat, it is advantageous to convert to a more natural time coordinate t conf given by
where, for convenience, we have defined a quantity q according to
In these variables, the Einstein metric is manifestly conformally flat and the dilaton is linear:
At this point we can set a 0 and t 0 at our convenience. It turns out that a useful strategy is to choose values for these quantities based on the condition that the string-frame metric be unit-normalized. Applying the Weyl transformation in Eqn. (2.3), the string-frame metric takes the general form
The condition G (S) µν = η µν therefore implies the following value for a 0 :
In turn, by demanding that a 2 dt 2 conf = dt 2 FRW , we find
From the second line in Eqn. (2.37) (a = a 0 t/t 0 ), this translates into the following value for t 0 :
In conformal coordinates, the string-frame metric is trivial, and the dilaton is linear in the timelike direction, with gradient
This agrees with the known formula for the strength of the dilaton gradient in noncritical bosonic string theory (see, e.g., [19] ).
Fluctuations of the metric and dilaton
In time-dependent backgrounds there is no obvious and natural definition of stability. One definition would be to rescale modes in such a way that the kinetic terms are described by a trivial, canonical metric. One may then define an unstable mode as one that grows exponentially in time (once it has been rescaled to be canonical). According to this definition, we will see that there indeed exist 'unstable' modes of the metric and dilaton in timelike linear dilaton theories [20] .
However, the criterion of stability in terms of the growth of canonical modes is not completely satisfactory. According to this formula, a spacetime-independent shift of a massless scalar (such as the dilaton) is counted as an unstable mode. Furthermore, various modes of the theory that are pure gauge would also be termed unstable, such as the mode that implements an overall rescaling of the metric, or the longitudinal modes of the NS/NS B-field.
By taking into account the coupling of the background fields to modes of the string, we can formulate a definition of stability that cleanly avoids these difficulties [21] . The coupling of a background field to the string is suppressed by a factor of g s = exp (Φ). If an exponentially growing mode grows more slowly than g −1 s , its effect on the remaining degrees of freedom in the theory therefore decreases in time. We may thus define an unstable (stable) mode as one that grows faster (slower) than g −1 s at late times. This indeed alleviates the problems noted above: we can see that longitudinal modes of gauge fields have (amplitude)/g s ∼ const.
(2.48) at t → +∞, and the same holds for the mode representing a constant shift of the dilaton Φ → Φ + const. (or, for that matter, the shift of any other massless scalar).
To illustrate this point more explicitly, let us work out the equations of motion for a massless scalar σ coupled to the fundamental string:
The scalar field has solutions of the form
where σ ∞ and ξ are constants of motion that can take arbitrary real values. Eqn. (2.50) states that the modes of the field σ asymptote to the constant value σ ∞ as t → ∞. From the point of view of the Einstein frame, this effect is due to Hubble friction; in the string frame this behavior is understood to be caused by the drag force arising from the interaction between σ and the linear dilaton.
As it stands, σ is coupled to an Einstein metric that is conformally flat, albeit with a nontrivial conformal factor. Quanta of the string itself are necessarily coupled to the flat metric, as the kinetic term of the string sigma model is G (S) alone. To recover fluctuations in such a form we must introduce a rescaled fieldσ:
This induces a mass term for the rescaled field that couples to a trivial metric and represents a proper quantum of string. Schematically, we have
The fluctuation term represents a trilinear vertex that we discard from the outset. The background term is constant, so its dot product withσ ∂σ amounts to a total derivative.
The mass term for the rescaled field is tachyonic, and equal to −q 2 , and the quadratic action forσ thus reads
The criterion for stability we proposed was that g s times the canonical fieldσ not increase exponentially with time. Since g sσ is just σ, the original field appearing in the spacetime action in front of exp (−2Φ), the requirement for physical stability is that modes normalized to have the factor exp (−2Φ) in their kinetic term should shrink exponentially in the future or, at most, remain constant in magnitude.
At this stage, a simple exercise is to find linearized modes ofσ and σ that are plane waves in the spatial directions:σ
56)
and A is an arbitrary mode amplitude. Moving back to FRW time and the σ normalization for the scalar field, we recover the form
57)
for the overdamped modes, 4 where .
(2.59)
As such, the underdamped modes of the massless field are given by
It is clear that these are all stable, in the sense that they asymptote to zero at late times.
Upon adding a mass term of the form
to the Lagrangian, we find that the system again breaks into a set of overdamped modes with k 2 < q 2 − m 2 , and underdamped modes with k 2 > q 2 + m 2 . Under the replacement The effect of the mode on string propagation decreases exponentially with time, or at most stays constant as t → ∞. It is therefore best to not think of these modes as describing physical instabilities of any kind, despite the fact that the quantum mechanics problem for the canonical modeσ formally describes a field with exponential growth in time.
The underdamped modes, for which the canonically normalized fieldσ has exponentially growing modes, correspond to non-normalizable states of the string. These modes do not have an interpretation as particle excitations of string theory. If one can successfully define a Hilbert space of string theory in the timelike linear dilaton background, it seems likely that the Hilbert space should be a Fock space of the normalizable states alone, which correspond to underdamped modes of the fields σ.
Only when the σ field is a tachyon, in the sense that its quadratic term in the action is
with m 2 < 0, does the σ field have an exponentially growing mode. If k 2 < |m 2 |, we have solutions of the form
To be specific, the field in the first line of Eqn. (2.61), corresponding to B + , grows exponentially with time. In a generic number of dimensions, most anomaly-free string theories have tachyons of this kind. The bosonic string has a tachyon T whose mass m satisfies m 2 = − 4 α ′ . In the next section we will consider particular solutions for which the bosonic string tachyon acquires an expectation value.
3 Worldsheet description of supercritical string cosmology As pointed out in the introduction, string theory in D > D crit is most easily studied in the timelike linear dilaton background. 5 For the sake of clarity and convenience, and to introduce our analysis in the language of worldsheet conformal field theory, we briefly record a few basic and well-known facts about this theory.
The worldsheet description in conformal gauge is a two-dimensional theory of D free, massless scalars X µ playing the role of the embedding coordinates of spacetime. The linear dilaton enters as a modification of the definition of the two-dimensional stress tensor, relative to the SO(D − 1, 1)-invariant definition. That is, for a dilaton with gradient ∂ µ Φ = V µ = const., the two-dimensional stress tensor is
where the colons represent normal ordering of the 2D theory. Here, σ ± are particular lightcone combinations of the worldsheet coordinates σ 0,1 :
This worldsheet theory completely defines the dynamics of a string propagating in the background of a timelike linear dilaton. Physical states of the string correspond to local operators U that are Virasoro primaries of weight one. That is, their operator product expansion (OPE) with the stress tensor satisfies:
and similarly for T −− , where ≃ denotes equality up to terms that are smooth as σ → τ .
The linear dilaton theory is free, and it exists as a CFT to all orders, and nonperturbatively, in α ′ . The theory represents a solution to the equations of motion at leading order in derivatives. Since the solution is exact, however, it must satisfy the equations of motion to all orders in derivatives. As higher derivative corrections to the string effective action are not known in closed form, the existence of such a solution constrains the form of any higher derivative corrections to the leading effective action. In this section we consider a novel set of exact solutions that deform the linear dilaton background and exhibit a nonvanishing tachyon. Following the example of the strict linear dilaton theory, we will use the existence (and exactness) of our new solutions to constrain the effective action, to leading order in derivatives and to all orders in the tachyon field T .
Exact solutions with nonzero tachyon
We aim to study solutions for which the bosonic string tachyon is not everywhere equal to zero. To linearized order in the strength of the tachyon field, the deformation of the background is described in the worldsheet theory by the insertion of a single tachyon vertex operator into all amplitudes. The spatial component of the vertex operator is determined by the spatial dependence of the background deformation; the condition that the linearized deformation of the background satisfy the equations of motion is simply the condition that the tachyon vertex operator be on-shell. This, in turn, equates to the condition that the matter part of the vertex operator U M , made of the X µ degrees of freedom, be a conformal primary of weight (1, 1). 6 To be specific, a profile T (X) for the tachyon corresponds to the vertex operator
and admits the following on-shell condition:
5)
where V µ is defined, per convention, as the dilaton gradient. For tachyon profiles of the form
lead to a nontrivial interacting theory when the strength µ 2 of the perturbation is treated as non-infinitesimal. For instance, the insertion of two copies of the vertex operator can lead to singularities when the positions of the vertex operators approach one another; counterterms may have to be added to preserve conformal invariance, thus complicating the analysis of the theory considerably.
There is a special set of choices for B µ satisfying the equations of motion such that the 2D theory is well-defined and conformal to all orders in perturbation theory, as well as nonperturbatively, in α ′ . In particular, we can choose the first term in the linearized tachyon equation of motion in Eqn. (3.5) to vanish separately, which is tantamount to choosing the vector B µ to be null. It is easy to see that this renders the vertex operator : exp (B µ X µ ) :
non-singular in the vicinity of itself. In a free field theory, all singularities of normal-ordered operators arise from propagators contracting a free field in one operator with a free field in the second. If both operators depend only on B · X, however, all contractions appear proportional to B µ B µ , which will vanish when B µ is null.
We therefore employ a Lorentz transformation to put B µ into the form
Letting
the vertex operator becomes U M = µ 2 exp (βX + ). At this point we can drop the normalordering symbol because self-contractions of the null fields in the exponential are zero.
To deform the background by a finite amount, we add U M to the worldsheet Lagrangian:
this gives rise to a particularly simple quantum theory. The kinetic term for X ± appears as
(3.9)
The propagator for the X ± fields is therefore oriented, in the sense that every propagator has an X + at one end and an X − at the other end. A propagator can thus be depicted by a line with an arrow pointing from X + to X − , as depicted in Fig. 4 . The tachyon couples to X + ¡ X − Figure 4 : Oriented propagators are drawn with a directed line between X + and X − .
the worldsheet according to 10) and the equations of motion for the string appear as
where M 2 ≡ µ 2 exp (βX + ).
By writing the solution to the Laplace equation for X + as
12)
the general solution for X − can be expressed as follows:
(3.13)
We thus see that the theory is exactly solvable at the classical level. It is clear, however, that the classical solvability extends neatly to the quantum regime. All interaction vertices in the theory depend only on X + , and therefore correspond to diagrams composed strictly from outgoing lines (see Fig. 5 ). Nontrivial Feynman diagrams, including tree graphs, must ¡ , ¢ , £ , . . . , ¤ The structure of the OPE is correspondingly simple. By virtue of the Feynman rules, all interaction contributions to OPEs are determined by those involving X − alone. That is to say, the OPE of X + with any other local operator is unmodified. Likewise, interaction corrections to OPEs of X − have only operators involving X + on the right-hand side, of the form depicted in Fig. 6 . For example, we have the following relations: _ _ + + + + Figure 6 : Generic structure of OPEs in the lightlike tachyon background.
We note the similarity of our theories to those of strings propagating on plane waves [24] [25] [26] , in which the moduli of string theory vary along marginal directions. The structure of Feynman diagrams, and the controlled nature of the quantum corrections are similar. In fact, the theories of [24, 25] are solvable for precisely the same reasons as the theories in this paper:
the interaction vertices depend on only one of the light-cone directions, and therefore have only outgoing lines. The interaction vertices thus have no Wick contractions with themselves or each other through lines associated with the light-cone coordinates. The primary difference is that the interaction vertices in our model represent a massive perturbation of the 2D CFT, rather than a marginal one.
Physical interpretation of the solution
The solution T (X) = µ 2 exp (βX + ) can be thought of as a phase boundary in spacetime between a T = 0 phase and a T > 0 phase. The boundary is moving to the left at the speed of light. Intuitively, the T > 0 phase is a 'nothing' phase, into which no particles, including the graviton itself, can enter. One way to interpret this phase is to view it as an alternate description of the absence of spacetime itself.
A related spacetime-destroying solution is given by the Lorentzian continuation of the gravitational instanton of [8] . The physics of this solution can be described by first noting Viewed from the outside, the physics is very much the same as that of an ordinary
Coleman-de Luccia instanton, which mediates tunneling between vacua, except that on the inside of the bubble there are no degrees of freedom at all. As a result, all matter that encounters the bubble wall is rapidly swept away and accelerated to the speed of light, along with the wall itself. It has been conjectured that the solution of [8] has an alternate description in terms of closed-string tachyon condensation, and evidence for this connection has been studied in various settings [9-17, 27, 28] .
A full, classical solution for the closed string tachyon description of the bubble of nothing is not known explicitly. We propose that in the presence of a timelike linear dilaton, such a solution would approach the lightlike solution we describe in this paper at times long after the nucleation of the bubble. We should note, however, that our solution behaves differently from the bubble of nothing in flat space in one important respect: the wall in our model is not properly accelerating. This is a result of Hubble friction and the presence of the timelike linear dilaton (see Fig. 7 ). The drag force of the background fields stops the acceleration when the spatial thickness of the bubble is of order α ′ |Φ| ∼ β −1 . In the absence of a dilaton gradient, the bubble wall continues to accelerate, and its spatial thickness in the frame of a given static observer blueshifts to zero as t −1 , where t is the time since nucleation of the bubble.
We would also like to establish that the tachyon condensate is indeed a 'nothing' state, in which no degrees of freedom can live. This is intuitively obvious, since the high potential barrier would seem to suppress the wavefunctions of any string state that might try to penetrate the interior of the bubble. Since our theory is exactly solvable, we can do better by solving directly for the trajectory of a string colliding with the bubble wall.
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Bubble interior
The physical interpretation of the solution is clear: the particle propagates at an initial speed v ≡Ẋ
until it hits the bubble wall, where the exponential term becomes important. At that point, the speed of the particle rapidly goes to −1, as both the numerator and denominator are dominated by the exponential term in p − :
The position and velocity trajectories of such a particle are plotted in Fig. 8 and Fig. 9 , respectively. 
Effective actions for the dilaton-tachyon-metric system
Effective actions for light fields in string theory, truncated to operators with low numbers of derivatives, often give a good qualitative description of some aspects of string physics. Although it is not entirely clear why the truncation to a two-derivative effective action should contain any useful information, the leading action for the metric and dilaton correctly describes many important aspects of the linear dilaton background, even quantitatively. Effective actions for this same system, augmented by tachyons, fluxes, etc., have been successfully employed to describe closed-string tachyon physics [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Furthermore, effective actions for the metric, dilaton and tachyon have been used to describe the physics of dynamical dimension change in noncritical string theories (see, e.g., [33, 35] ).
Although these theories approximate the normalization of the Einstein term as a constant, independent of the tachyon condensate, it is unclear how realistic this may be. In theories of open-string tachyon condensation, the analogous dependence of the gauge field kinetic term on the tachyon must be nontrivial to correctly reproduce the qualitative physics of kink solutions and of the closed-string vacuum. We are therefore prompted to investigate constraints on the tachyon dependence of the Einstein action in a useful effective theory of closed-string tachyon condensation.
The definition of tree-level string amplitudes dictates that the dilaton dependence of the tree-level action appear as an overall factor equal to exp (−2Φ). The most general twoderivative ansatz for the action with this dilaton dependence is then
where the functions F i are defined in terms of five arbitrary functions of the tachyon as follows: 
where ∇ µ is the usual covariant derivative. Likewise, the dilaton and tachyon equations of motion read, respectively:
Following the discussion above, we assert that this theory admits a solution of the form
First, we note that Eqn. 
From this we conclude that f ′ 1 must vanish at T = 0: otherwise f 3 would be infinite for vanishing tachyon. The rest of the Einstein equation, with both indices transverse to the light-cone directions, gives the condition
We have eliminated the four functions f 2,3,5 and V(T ) in terms of f 1 . The remaining two equations, coming from the equations of motion for the dilaton and tachyon (in Eqns. (3.23) and (3.24) above), are satisfied automatically. We therefore find that, in the presence of a nontrivial tachyon potential and nonvanishing dilaton, f 1 (T ) must be nonzero. In other words, the coupling of the tachyon to the Einstein term in the effective action must be nontrivial.
In terms of f 1 , the final effective action therefore takes the form
This form holds for all spacetime dimension D. We can include the critical case D = 26
by considering a tachyon varying in the X + direction and a dilaton varying in the X − direction. Doing so, we find that the constraints in Eqns. (3.26, 3.27, 3.28, 3.29) hold for the two-derivative action in the critical theory as well.
We would like to end on a note of caution. It is unclear why a two-derivative effective action should be useful for describing fields with m 2 = 0. The utility of an effective action depends on whether it can provide more than the information used to construct it. For instance, one might ask whether the equations of motion generated by our two-derivative effective action are satisfied by a background in which a tachyon condenses in a direction other than a null direction.
They are not. One exact solution of critical string theory with non-null tachyon is the ordinary spacelike Liouville theory with null linear dilaton:
where Q satisfies Q = b + 1 bα ′ . When we repeat the analysis above, we find that the existence of the spacelike linear dilaton theory implies the relations in Eqns. (3.26, 3.27, 3.28) , but the form of the potential is modified to
The spacelike Liouville theory is an exact solution for any (b, Q) satisfying b + 1 bα ′ = Q, but no functional form for f 1 (T ) other than a constant allows all consistent null and spacelike Liouville theories as exact solutions to the two-derivative equations of motion. 7 This serves to remind us that low-energy effective actions are of limited utility when describing fields with m 2 = 0. To be sure, the moral is not that the tachyon potential must vanish, but that higher derivative terms must be included to obtain a consistent effective action. 8 There is an enormous freedom to choose higher-derivative terms that preserve the null tachyon background as an exact solution. The null tachyon solutions satisfy (∂ µ Φ) · (∂ µ T ) = 2 α ′ T identically everywhere, so we can add to the action
where F is an arbitrary functional of the spacetime fields and their derivatives. (The modified action will still generate equations of motion that are satisfied by T = µ 2 exp (βX + ) , Φ = −qX 0 , G µν = η µν .) It would be interesting to see whether higher-derivative actions can be found that admit all known exact solutions to the equations of motion.
Discussion and conclusions
We have shown that timelike linear dilaton theories provide a simple setting for the study −(D − 3)/(D − 1) between accelerating and non-accelerating cosmology. For w = w crit , the universe is globally conformally equivalent to Minkowski space. We have also described exact solutions, which evolve as a bubble of nothing in these backgrounds. We have used the existence of this class of solutions to constrain the effective action of the string theory.
Relation to recent work
Recently, a paper [36] appeared that examines a bubble solution related to the one presented in this paper. The authors consider a solution describing tachyon condensation along a spacelike direction (in critical spacetime dimension D = D crit ) with a lightlike linear dilaton:
The tachyon profile is
They boost the solution so that the dilaton and tachyon become Φ = − Q γ (X 0 +X 1 ) ,
The authors then take a formal limit γ → ∞ and describe the resulting theory as a simple example of a spacetime boundary in a sigma model, dropping the γ −1 term in the exponent of the Liouville potential, and setting Φ to a constant. Formally, the resulting worldsheet potential is identical to our own. However, the theory of [36] differs from ours.
The apparent simplicity of the limit γ → ∞ is deceptive. The most evident difficulty is that the tachyon coupling to the string worldsheet (see Eqn. (4.2)) is not marginal unless one retains the γ −1 term in the Liouville exponent. Indeed, the anomalous dimension of the exponential is always equal to −α ′ b 2 . In particular, it is of order γ 0 . This anomalous dimension is an invariant, which cannot be boosted away.
Because the tachyon gradient appears formally null, a literal application of the approach of [36] would treat the anomalous dimension as vanishing, and the same would hold for the dilaton contribution to the dimension of the exponential (which is also of order γ 0 ). For a consistent treatment of the Lagrangian in [36] , one needs to retain the γ −1 terms in the dilaton and in the Liouville exponent. Loop corrections to the worldsheet theory are always of order unity, though some amplitudes in the theory may still be solvable by virtue of the special properties of Liouville theories.
By contrast, the tachyon exponent in our model is null from the beginning, and its anomalous dimension truly vanishes. The worldsheet theory is solvable not because of any special properties of Liouville theory, but because all loop corrections to semiclassical amplitudes vanish.
Dropping the γ −1 terms for large boost also amounts to setting the terms ∂ µ ∂ µ T , (∂ µ T ) 2
and (∂ µ Φ)(∂ µ T ) to zero in the equations of motion for the spacetime fields. To analyze the constraints on the effective action consistently, one must restore them. Doing so, one recovers the constraints (3.26, 3.28, 3.27, 3.32). If one makes an ansatz that the tachyon dependence of the Einstein term is trivial, as does [36] , one finds that the tachyon potential must vanish identically for all values of T . Allowing the Einstein term to depend nontrivially on the tachyon, one can accommodate an arbitrary tachyon potential. In particular, V(T )
need not vanish as T → ∞.
Outlook
Theories describing null tachyon condensation may profitably be explored and generalized O has this property, the corresponding string theory can be interpreted as a dynamical transition between two vacua with different total numbers of spacetime dimensions. We plan to address these and related issues in future studies.
